Abstract. In this paper, we introduce and investigate a new class of generalized convex functions, called generalized geometrically r-convex functions. Some new Hermite-Hadamard integral inequalities via generalized geometrically r-convex functions have been established. Results proved in this paper can be viewed as new significant contributions in this area of research.
Introduction
Several branches of mathematical and engineering sciences has been developed by using the crucial and significant concepts of convex analysis and hence it becomes one of the most interesting and useful concept of mathematics for last few decades. There are mainly two aspects of the convex functions which have played very important and crucial part in the developments of various branches of pure and applied sciences. First aspect is concerned with differentiable convex functions. It is known that if a function f is differentiable on the convex set K, then the f is a convex function, if and only if, it satisfies the inequality f (u), v − u ≥ 0, ∀v ∈ K, (1.1)
where f (.) is the Frechet differential of f, which is called the variational inequality. Variational inequalities were introduced and studied by Stamapcchia [35] in potential theory. Variational inequalities can be viewed as natural generalization of the variational principles. It is remarkable that a wide class of unrelated problems, which arises in every branch of pure and applied sciences can be studied in the unified and general framework of variational inequalities and their variant forms. For the applications, formulation, dynamical systems, sensitivity analysis, numerical methods, error bounds and other aspects of the variational inequalities and optimization see [3, 4, 8, [16] [17] [18] [19] [20] [21] 35 ].
Hermite [13] and Hadamard [12] proved that a function f is convex function on the interval [a, b], if and only if, f satisfies the inequality
which is known as Hermite-Hadamard inequality and is one of the most important inequality. In recent years, much attention has been given to derive the Hermite-Hadamard type inequalities for various types of convex functions, see [6, 11, 14, 15, [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
The concept of convexity has been extended and generalized in several directions using new and innovative techniques, see [1, 2, 3, 5, 7, 11, 12, 13] and the references therein. Pearce et. al [11] introduced the class of r-convex functions. Several authors have derived Hermite-Hadamard type inequalities for various classes of r-convex functions, see [22, 28, [31] [32] [33] . Gordji et al. [9] introduced an important class of convex functions involving the bifunction, which is called generalized(ϕ-convex) convex function. These generalized convex functions are nonconvex functions. For recent developments, see [5, 6, 7, 14, 15, 16, 17, 18, 20, 21, 22] 
Definition 2.2. [32] . A function f : I = [a, b] → R is said to be generalized r-convex function with respect to a bifunction η(·, ·) :
Note that for r = 1, we have classical convex functions and for r = 0, we have log-convex functions.
Definition 2.4. [33] . The set I ⊂ R + is said to be geometrically convex set, if
Definition 2.5. [33] . A function f : I ⊂ R + =(0,∞)→ R is said to be geometrically convex, if
We now define a new concept of generalized geometrically r-convex functions.
The function f is called generalized geometrically Jensen r-convex function. 
The function f is called generalized geometrically Jensen r-convex function.
The generalized logarithmic means of order r of positive numbers a, b is defined by
Definition 2.8. The beta function, also called the Euler integral of the first kind, is defined as
where Γ(.) is a Gamma function.
Main results
In this section, we establish several new integral inequalities of Hermite-Hadamard type for generalized geometrically r-convex functions.
Theorem 3.1. Let f : I → R be generalized geometrically r-convex function on I. Then for 0 < r ≤ 1, we
Proof. Let f be generalized geometrically r-convex function on I. Then, ∀a, b ∈ I, t ∈ [0, 1], we have
Using Minkowski's inequality and the fact that f is generalized geometrically r-convex function, we have
, which is the required result.
, then, under the assumptions of Theorem 3.1, we have a new result. 
Using (2.1) and substituting x = a 1−t b t and y = a t b 1−t , we have
Integrating the above inequality with respect to t on [0,1], we have
This implies 2[f (
Adding (3.2) and (3.3), we have
which implies that
Combining (3.1) and (3.4), we have
which is the required result. [f (
Theorem 3.3. Let f : I → R be generalized geometrically r-convex function on I and r ≥ 0, then
Proof. First, let r > 0 and f be generalized geometrically r-convex function on I. Then ∀a,
we have
(3.5)
For r = 0, we have
Hence we have,
, which is the required result. 
Theorem 3.4. Let f : I → R be generalized geometrically r-convex function on I and r ≥ 0, then
Proof. First, let r > 0, f be generalized geometrically r-convex function on I and f (a) = f (b). Then
For r = −1 and f (a) = f (b), we have
which is the required result. 
which is the required result.
, then, under the assumptions of Theorem 3.5, we have
Theorem 3.6. Let f, g : I → R be generalized r 1 -convex function and generalized r 2 -convex functions respectively on I. Then for r 1 > 0, r 2 > 0 and
Proof. Let f, g : I → R be generalized r 1 -convex function and generalized r 2 -convex functions respectively on I with (r 1 > 0, r 2 > 0). Then ∀a, b ∈ I, t ∈ [0, 1], we have 
